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Abstract

It is known that magnetic fields in ideal chaotic plasmas tend to become
extremely irregular and to concentrate in a fractal set, and it is assumed that the
presence of a positive resistivity will have a smoothing effect. Here we try to
quantify this effect by proving new inequalities which, on the one hand, relate
the local and global size of velocity and magnetic field with the gradient of this
field, and on the other provide a bound of the area of generalized level surfaces.

PACS numbers: 52.35.Vd, 52.2%

1. Introduction

Most real plasmas are more or less turbulent, and yet their magnetic fields often have a
recognizable large-scale structure. This is worth emphasizing because in an ideal plasma
(without resistivity) the magnetic field lines are transported by the fluid flow as material
points, so we would expect that a chaotic flow will tend to produce an extremely tangled
and convoluted geometry of field lines. This indeed has been shown to be the case both in
theoretical models and in simulations[1, 2]. It has been found that the field tends to concentrate
in a fractal set of zero measure whose dimension is determined by the Lyapunov coefficients
of the flow and that the field direction follows approximately the most unstable direction of
the flow. In this way a sheet-like or rope-like structure develops, according to the number
of negative Lyapunov exponents [2, 3]. This is relevant because fast dynamos (those that
increase exponentially for some time [4, 5]) require chaotic flows and a tentative formula for
the growth rate has been proposed [3] (and criticized [6]). This formula involves the Lyapunov
coefficients and a certain cancellation exponent which essentially measures how rapidly the
field oscillates transversally to the main direction, which happens infinitely more often in the
ideal case. These results are not totally rigorous, but they appear in many models and seem
rather robust: concentration of the field in sets of progressively smaller measure is well known
and related to intermittency [7]. This has been thoroughly analysed for some chaotic flows,
such as the ABC one [8]. Although most of the studies are kinematic, i.e. the influence of the
field upon the velocity through the Lorentz force is ignored, this is perfectly reasonable as long
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as the field is small; anyway this is the way to proceed for results which do not depend on any
specific form of velocity. All plasmas, however, have a positive if very small resistivity, which
allows for reconnection and changes in the field line geometry. The fact that this diffusivity
factor is small and nevertheless not only reconnection of field lines occurs, but it is responsible
for the release of enormous amounts of magnetic energy in such spectacular phenomena
as solar flares [9], has made several authors to hypothesize that resistivity is enhanced at
the zones of fast reconnection by different processes not comprised within the framework of
standard magnetohydrodynamics. We will not make such assumptions and will not specify the
geometry of these zones; instead we take as usual a constant resistivity throughout the domain
and a generic velocity field. Of course it is known that the introduction of positive resistivity
makes the induction equation governing the evolution of the magnetic field a parabolic one
and therefore ensures to some extent smoothness of the solutions. But a vector field may be
smooth and nevertheless have a very complex field line geometry. We intend to show that,
no matter how chaotic the plasma flow is, the magnetic field is rather well behaved. The
key to obtaining the necessary estimates is the analysis of the induction equation satisfied
by any convex function of the field. This technique was introduced by Constantin [10, 11]
to study the vorticity and other magnitudes of a fluid flow. The magnetic field, however,
although formally satisfying an analogous equation, behaves in a different way: neither initial
values nor boundary conditions are tied to the velocity and so its possible configurations are
much wider. Also the emphasis is different: active regions of a plasma, where the magnetic
field is large, are more important than regions of high vorticity in a fluid, and magnetic field
lines and level surfaces are physically more meaningful and interesting than the analogous
concepts for the vorticity.

The plan of the paper is as follows: in section 2 we study the basic induction equation
satisfied by a convex functiob of the magnetic field and its time and space integrals. This
equation yields two different sets of estimates, according to the term one emphasizes. The first
set bounds the quadratic term involving the second derivativdsarfid finds some relevant
information on the mean size of the gradientBf In section 3 we localize the induction
equation and make analogous estimates within a ball in the domain, extracting consequences
on the ideal picture of a wildly oscillant magnetic field. The second possibility is to consider
the quadratic term simply as positive and bound the remaining equation, a procedure followed
in section 4. This approach is particularly useful for studying the area of generalized level
surfaces: sets of the ford(B) = const, which include the classical level surfaces of constant
magnitude as a particular case. These areas are bounded with surprising independence of
®, indicating that the field geometry cannot be too complicated. Finally, the results are
summarized in section 5.

2. Global estimates

The magnetic field within an incompressible plasma of velogignd resistivityn satisfies,
in the magnetohydrodynamic (MHD) approximation, the induction equation

d
<§+u-V—17A>B=B-Vu (1)

plus some initial and boundary conditions. We will always assume that the fluid does not
cross the (smooth) boundary of the domain under consideration, i, = 0, and that the
normal component of the magnetic field also vanishes thigrey, = 0. These are the only
hypotheses; obviously the final estimates will be better if the velocity has good boundedness
properties, but this is not necessary for our argument.
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Let ® be a smooth nonnegative convex function defined in the whole space (or simply
in any open set containing the range BY such that we know: priori that ® o B (i.e.
the composition of both functions) decreases towards the boundary, in the sense that
d(®oB)/dn|yq < 0. This may be guaranteed, for instancd Hatisfies a Dirichlet condition
Blyao = 0 and ®(0) =0. Another possibility is as follows: since usually one studies the
domain where the action takes place and outside which the magnetic field is smaller, it often
occurs thab B2/dn|yq < 0. Then any functionb(B) = g(B?), with g a positive convex
function, satisfies the requirement.

After some cumbersome, but essentially straightforward, integral inequalities (appendix
A), one finds

T
l//VB-(cb”oB)-VBdth
T Jo Ja

2 1 (T
<—f <I>oB(O)dV+2—/ / IB]%u - (®" o B) -udV dt. 2)
nT Ja n°T Jo Ja

Now, the first term on the right-hand side is divided Bynd therefore grows increasingly
irrelevant with time. The interest of this inequality is that it provides a collection of bounds
on VB, depending on the convex funtidn The simplest bound is obtained frabx) = x?,
yielding ®” = 2I; this shows that thé&?-norm of VB, measuring the quadratic mean of the
gradient of the magnetic field, cannot be too large if the intensity of the field and velocity are
not (for instance, if thé.4-norms of them are bounded). Note that this is not a classical energy
inequality [14], which demands the use of the full MHD system including the momentum
equation and obtains a different scaling.

Obviously the advantages of (2) are due to the flexibility on the choosirig oAs an
example, assume th&? decreases towards the boundary. Then take) = g(x?), ¢ >
0, g” > 0. Then (2) becomes (appendix B)

T
= / / 2¢'(B%)|VB|? + g"(B?)|V(B%)>dV dr < 2 f g(B(0)®) dv
T Jo Ja nT Jo

T
+2if f B?(2¢/(B?)|u|* +4g" (B*)(u - B)*) dV. 3
n°T Jo Jo

The previous inequality yields different insights according to the larger differential of
g. For instance, if one takes(x) = explax), with « > 0 large, g'(B%) = ag(B?),
g"(B%) = «?g(B?). Hence the largest factor jg'(B?) = a?exp(@B?). If we omit the
remaining terms, the inequality becomes approximately

T T
1/ / explaB?)|V(B?)|?dV dr < Zi/ / B?exp(aB?)(u - B)2dV dt. (4)
T Jo Ja n<T Jo Ja

Assume that velocity and field are nearly orthogonal in the domain. Then the right-hand
integral is small and so must the left-hand one beB stiould be almost constant{a. The
assumption may seem excessive, but it may occur in certain cases: if we study émécalfv
oscillations of an equlibrium magnetic field, the velocity is orthogonal to the equilibrium field,
while the product of the perturbed velocity and field is quadratically small compared to the
size of the perturbations. Hence for the &lfic oscillations to represent the largest part of the
perturbed velocity, the equilibrium field must be roughly constantin size. As another example,
several simplified models consider a plasma flow in a plane with an orthogonal magnetic field
[12].

Another nontrivial application is that the variation of any component of the field may be
bounded by the same component of the velocity. Take for simplicity the comp8aeand
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choosed (x) = g(x1), g’ > 0. We are left with

1 g 1" 2 2 1 g 2 2

= g"(BY)IVB1|7dVdr < — | g(B1(0)dV + —— B°g"(Byufdvdr (5)
T Jo Ja nT Jo n°T Jo Ja

so that the only influence of the remaining velocity components is through theB&rwhich
of course depends an Of course the same may be done whthe for any constant vectax

3. Local estimates

The previous technique may be applied to study the local structure of the field. Tékargs
nonnegative convex function without bothering for the behavioub ef B at the boundary,

and letf > 0 be any time-independent, smooth function whose support is contained within
Q. By an argument similar to the previous ones (appendix C), one gets

T
ﬁ//fVB-(cb”oB)-VBdth
2 Jo Jo
T
</fc1>(3(0))dv+ if/fBZu-cb”(B)-udth
Q 2n Jo Ja

T
/(@oB)(u-Vf+nAf)dth
0 JQ

T
+ //(B-Vf)(VCD(B)-u)dth. (6)
0 JQ

We now particulariz¢ and®. Take a poinkg € 2 such that the balBy, of centrexg
and radius 2 is contained ir2. Letf'be such that its value is 1 &, its support is contained
in By, |Vf| < 2/r,|Af| < 6/r2. As for @, since we are working in a small ball, its global
behaviour does not matter too much. We simply®ét) = |x — Bo|2, whereBg = B(xo); of
courseBg depends on time. TheVi®(B) = 2(B — Bp), ®” = 21. Therefore

1 g 2 2 2 1 T 2.2
—// |VB| ddeg—/ IB(0) — Bo(0)| dV+2—// B2u2dV dr
T Jo Js, B Bo
// u|B — By dth+—// |B — Bo|?dV dt
an B, B,

// uB|B — Bo| dV dr. (7
an By,

To understand the implications of this formula, we must realize that typiHlly Bo| scales

like Mr. Unless larger and larger jumps Bfexist within the ball,M is bounded through

time. Note that in the right-hand side integrals there are no gradients and we may assume that
any kind of mean of: andB within the ball has an order @2, with N bounded in time: i.e.

there are no unbounded concentrations of velocity or magnetic flux within the ball. Therefore,
we now assume th&tandu remain bounded in the ball for all time. Since the small parameters
are normallyn andr, we are left with a bound

1 T r3
—/ |VB?dV dr < C— (8)
T Jo Js, n

so that the integral ofVB|? scales at most as’/52. Since the volume oB, scales liker3,
we may rearrange (8) by

1 (7 Yz ¢
(7/0 Vol(B)/ VB dth> < 9)
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Letus compare this formulawith the classical energy inequality. When the normal components
of u andB vanish at the boundary, and both remain bounded (say)an 2 for ¢ € [0, T7,
one gets by elementary integrations

T 4
1/ / |VB|2dth<i/ B(O)Zdv+w2|(9). (10)
T Jo Ja Tn Jo n

The first term of the right-hand side becomes irrelevant for lafgd@he second one is
analogous to (9), but it represents an integral over the whole domain. Thus we have proved
that the classical bound showing that the gradien® afithin 2 has at most an order/#,

may be refined to account for local meanstagfndB. Hence it cannot occur that in a certain
portion of the domain the field may oscillate wildly, while making up for this behaviour by
being almost constant in the rest of the domain.

4. Generalized level surfaces

Now we will not concentrate on the quadratic termMB, but on the remaining portion of

the equation. LeF = ® o B. Our purpose is to analyse the mean area of the level surfaces
F = ®(B) = const Let S, be the sef' = ®(B) = r, r > 0. Itis known [13] that for almost
everyr, S, is a smooth surface (varying with time). For a certgi, can fail to be a surface
and may fill an open set @, but this may only happen for a setd of measure zero. Itis
also known that ifG is continuous i,

o0
/GlVFldV:/ dr/ G do (11)
Q 0 r

where & represents the measure of area. qdte any arbitrary smooth function defined in
[0, 00) and vanishing outside a bounded interval. Assume thaLtheorm of Vu remains
bounded intime. LeM¢ denote the maximum ¢¥ ®| within the range oB. Then one may
prove (appendix D) that

1 r 2 2 Cc 2
—/ /«p(F) VAV di < S Mo gl (12)
T Jo Ja n

whereC is a constant. Tak€ = ¢ o F, which is constant it$,. Then

/¢(F)IVFIO|V = /oo¢(r)A(Sr)dr (13)
Q 0

and, denoting by 7 (S,) the mean area

1 T
Ar(Sr) = 7/0 A(Sy) dr

we get

1 T [ee)
7/ /¢<F>|VF|dV=/ (M A7 (S,) dr. (14)
0JQ 0

By the inequality of Cauchy—Schwarz,

1 T 1 T 1/2
—/ /¢(F)|VF|dde<Vo|(Q)1/2 <—/ /¢(F)2|VF|2dth>
T Jo Jao T Jo Ja

Vol(Q)C Mg \ Y?
< (%) 1112 (15)
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where Vo[2) denotes as before the volumes@f The inequality

o0 Vol (R2)C Mo \ Y2
/0 () AT(S,) dr < (%) 1612 (16)
valid for a set of test functions dense in.2[0, co), yields
o \ol(Q2)C M.
/ Ar(S)2dr < M. (17)
0

Althoughthisis abound onthe mean aredgfthe integral is also influenced by how rapidly

varies, so that for the same geometrical surfaces one function could have a much longer interval
of variation than another one and the integral on the left side would be correspondingly larger.
Take for instance the usual level s##8 = const They are the generalized level surfaces
associated tab(x) = x2, but also tod(x) = h(x?), for any increasing and convéx If &
increases rapidly the integral would be larger without a change in the surfaces themselves. A
possible way to compensate this is to divideMy, which normalizes the integral in a sense,

at least for functions whose gradient does not vary too much in the range of pd@sible
Thus

m(Q)C (18)

! f T (S)%dr <
—_— r
M<I> 0 T\ r B
which is our main bound in this section. It says that the level surfaces cannot be too complicated
in the mean and therefore to have a large area. Note that the right-hand term does not depend
ono®.

5. Conclusions

The study of the evolution equation satisfied by any convex function of the magnetic field
within a diffusive plasma provides a new estimate on the integral of the gradient of the field,
which includes as a particular case the classical energy inequality. By particularizing this
convex function to those depending on the field magnitude, new relations with the behaviour
of the field gradient and the orthogonality of field and velocity emerge. These estimates may
also be obtained locally, and prove that the variation of the field within a ball may be bounded
by quantities depending only on the local size of the magnetic field and velocity. The same
procedure allows us to bound the mean area of generalized level surfaces. All these results
tend to show that the field is rather regular for a positive diffusivity, even if the plasma flow is
chaotic, so that large-scale structures may be recognizable.
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Appendix A

Let F = ® o B. By elementary operations,

oF B

2 wvooB 2

ot Jat (19)
u-VF=(VOoB)-(u-VB)

AF =(V®oB)-AB+VB-(d"oB)-VB
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where the last term mea@i’j,k(aﬁkcb o B)d; B;; By.
ThereforeF satisfies the equation

9 9
<§+u-V—nA)F=(VCI>oB)(5+u-V—nA>B—nVB-(CI>”oB)-VB

=(V®oB) - (B-Vu)—nVB-(®" oB) - VB. (20)
Let us integrate inf2 all the terms of the equation. Singe n|yq = 0,
/u-VFdV:/ Fu-ndo =0. (21)
Q aQ
Also
oF Bl
—dV:—/FdV (22)
o ot at Jq
JF
/nVFdV:n/—dGSO. (23)
Q Q on

As for the integral of V® o B) - (B - Vu), it may be bounded in several ways. For the present
purpose we usB - n|;o = 0to get

/(VcboB)-(B.Vu)dv=—/B.V(vq>oB)-udv. (24)
Q Q

The right-hand integrand is

> Bjd; % oBu; = Y B (a,ﬁicb oB) (3 Boui =Y Bju-(®"oB)-3;B. (25
i,j i,j.k J

Let us denote by (v, w) the positive bilinear form given at a certain poinby the matrix
®"(B(x)), and let|| ||¢ be its associated seminorm. By the Cauchy—Schwarz’s inequality,

n 1
> Bjb(u, a,-B)‘ <D 1Bjllnllo9;Bllo < D S 110;BIG + 2—n|Bj|2||u||§> (26)
J J J
so that the integral of the right-hand side of (24) is bounded by

n 2 1 201,112
—Efszg||aj3||¢dv+2—nfgz|3| Jul3 dv. (27)
Integrating in also time equation (20) and using the factdhat O,
1 T
—//VB-(CD”OB)-VBdth
T Jo Ja

T
<i/q>oB(0)dv+2i/ / B%u - (0" o B) - udV dr 28)
nT Ja n°T Jo Ja

which is the desired inequality.

Appendix B

Since
aijD(x) = 4g" (x%)xix; + 28" (x?)8; (29)
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we have
@"(B) = 2¢'(B?)1 +4g" (B?)B; B;
VB - ®"(B) - VB = 2¢'(B%)|VB|? + 4g" (B?) Z B;BjdB;%B;
i,j,k

=2¢'(B%)|VB[* +¢"(B?)|V(B?)|°. (30)
Also
u-®"(B) -u=2¢'(B?ul®+4g"(B% > B;Bjuju; = 2g'(B*)|u|* + 4g"(B*)(u - B)*.

ij
(31)

Thus

T
= / / 2¢'(B%)|VB|? + g"(B?)|V(B%)>dV dr < 2 / g(B(0)®) dv
T Jo Ja nT Ja

T
+2i/ | B BDui s 4" 5D B dv. (32)
n°T Jo Ja

Appendix C

DefineF = f(® o B). We have now
oF

fvoon®
F oo B
ot Jat

u-VF=(®oBu -Vf+f(V®oB)-(u-VB)
AF = (P oB)Af+2Vf-((V®oB)-VB)

+ f(V®oB)-AB+ fVB - (9" oB) - VB.
And therefore

<3+u.V—nA>F:f(VcboB)<%+u.V—nA>B+(q>oB)(u-Vf)

(33)

at
—n(®oB)Af =27V f - (V®oB)-VB) —nfVB-(®" o B)- VB
= f(V®oB) - (B-Vu)+(@®oB)u-Vf)
—n(®oB)Af —nfVB-(®" oB) - VB. (34)
SinceF has compact support contained the integral of the left-hand term is

ad
—/FdV.
at Jo

/(cboB)Ade = —/ Vf-((V®oB)-VB)dV
Q Q
so that, integrating the whole equation,

n/ fVB-(@”oB)-VBdV:—E/ FdV+/(<I>oB)(u-Vf+nAf)
Q at Jq Q
+ f(V®oB)-(B-Vu)dV. (35)

Also,

The term

/ F(V®oB)-(B-Vu)dV
Q
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equals
—/B-V(fchoB)-udV:—/ fZBju-cb”(B)-ajB+(B-Vf)(vq>(B)-u)dv.
Q Q X

j
(36)

Hence

n/ fVB-(CD”oB)-VBdV+/ fZBju-QD”(B)-adeVz—%/ Fdv
Q Q . Q
J

+/(<I>oB)(u-Vf+;7Af)dV—/(B-Vf)(VCD(B)-u)dV. (37)
Q Q

Using as before the inequality of Cauchy—Schwarz, now with the mgtbi%(B), we get
‘ / Y Bju-o"(B)- adeV‘
Q -
J

< Q/ fVB- (9" oB)- VBV + i/ fB?u-®"(B) - udV. (38)
2Ja 2n Jo

Integrating in time and using the above inequality,
T
ﬁ/ / fVB- (9" oB)-VBAV dr
2 Jo Ja
1 ’ 2 "
< / f@(B(O))dV+—/ / fBu-®"(B) -udVde
Q 2n Jo Ja

+

T
//(©03)(u-vf+nAf)dth
0JQ

T
+ //(B-Vf)(VCD(B)-u)dth (39)
0 JQ

which is the stated formula.

Appendix D

Let ¢ be any increasing smooth function defined indd) and takeH = v o F. As before,
we have

OH . OF
e (4 (F)E
u-VH =/ (F)u-VF) (40)
AH = y/(F)AF + " (F)|VF/°.
Therefore satisfies
<% +u-V-— nA) H = y/(F) <% +u-V-— nA) F —ny"(F)|VF|?

=y (F)(V®oB)-(B-Vu) —ny/'(F)VB - (®" oB) - VB — mb”(F)lVFl2
<Y (F)(VOoB) - (B-Vu)—ny" (F)|VF[ (41)
In the following argument we will use a bound on th& norm of Vu, which we had avoided

so far, but that for our present purpose seems simpler. We could as well do as in the previous
proofs and reduce the integral 6¥® o B) - (B - Vu) to a term involvingB2u - ®”(B) - u,



7898 M Nlfez

but now we are not as interested as before in avoiding all gradients for our estimate. Note
that in three dimensions the only magnitudes whichagpeiori bounded are the kinetic and
magnetic energy, i.e. the? norms ofu andB [14], although in dimension 2 the same is true
of the enstrophy (thé.2-norm of Vu). Recall that the size o¥u has little to do with the
chaotic character of the flow.

Integrating the above inequality €2 and assuming as before thaf/on < 0, which
impliesd H/on < 0, we are left with

3/ HdV+;7/ W (F)|\VF2dV g/ W (F)(V® oB) - (B - Vu)dV (42)
at Jo Q Q

i.e.

1 T
—/ / v/ (F)|VF[?dV dt
T Jo Jo

T
< i/ Y (F(0)dV + i/ / V' (FY(V®oB)-(B-Vu)dvdr.  (43)
nT Ja nT Jo Ja

The integrand of the last integral is boundedoY F)M¢ B|Vu|.
Let us take ag/ the second primitive of the square of the arbitrary compact-supported
functiong,

i) = /O (s — V)¢ (1) dv. (44)
Then
W(s) = fo $(v)2dv

¥ (s) = $(s)%.
Hence, denoted by

o 1/2
Iz = (/0 ¢(v>2dv>

Y (s)
V' (s)

we have

2
sleli

<
2
< lols.

Therefore

T T
1/ /¢(F>2|VF|2dVdr<i||¢||§/ F(0>dV+iM¢||¢||§/ / |B||Vu|dV dt
T Jo Ja nT Q nT 0 Ja

1 1 1 T
< —llglizM /B(O)dV+—|| I5M (—//BZdth>
nT 2 g n Pl2Mo T Jo Ja

1 T 1/2
x = |Vul?dvdr) . (45)
T Jo Ja

Assume now that the right hand parenthesis (whose only doubtful term is the inteigfal
is bounded byC. Then

1/2

17 2 2 C 2
—/ /¢(F) IVF|“dV dr < —Malloll5 (46)
T Jo Ja n

as desired.
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